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ABSTRACT 



We analyze to all perturbative orders the properties of two possible quantum extensions 
of classically on-shell equivalent antisymmetric tensor gauge models in four dimensions. 
The first case, related to the soft breaking of a topological theory wants a gauge field of 
canonical dimension one. The other possibility, which assigns canonical dimension two 
to the gauge field, leads to the a model interpretation of the theory. In both instances we 
find that the models are anomaly free. 
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1 Introduction 



The antisymmetric tensor field models have been introduced several years ago M; at the 
time the interest was focused on their dynamical relation to four dimensional a models 
and string theories ||, ||, |J and only later it was realized that, in a different regime, they 
describe a topological theory which can be viewed as the natural generalization of the 
three-dimensional Chern-Simons model ||. These different aspects can be illustrated, at 
the classical level, by the action 

I=-\j d*xe^F« u B; a -\jdk - l -J d'xF^F^ (1) 

where 

F; v = d,A a u - d v Al + r hc A\A% (2) 



and B a pa = —B% p is the antisymmetric tensor field. 



/ is invariant under the B.R.S. gauge transformations 



5A a u = 

P 



5BL = (D^-D^T (3) 



with 



= d^5 ab + f acb Al (4) 



and yields the equations of motion 

'' ' ' \ e jivpo pa _ q 



SB*, 2 



1 



51 

6A* 



\D v B pa ) a - kA a » + l{D v F» u ) a = (5) 



which imply 



Al = (U~%U)* 
k(D^) a = (6) 

In a suitable parametrization by means of scalar fields for the U matrix, (^) yields the 
characteristic a model constraint. Proceeding in this direction we are led to attribute to 
the gauge field a canonical dimension equal to two Q and therefore the I coupling should 
be set to zero. Within this choice the symmetry (§) and the power counting are sufficient 
to identify the classical action. 

A different interpretation is provided by the topological regime k = I = where 
the classical action does not contain the metric tensor. Here the switching on of the k 
coupling can be seen as the soft breaking []of an otherwise topological theory if the gauge 
field is assigned canonical dimension equal to one. In this case the symmetry @ offers no 
protection against the appearance of higher dimensionality A ^ couplings and therefore we 
enlarge the invariance to include a gauge transformation for A ^ and consider the model 
for nonvanishing I. 

The two approaches which classically describe on-shell identical models, are expected 
to generate different quantum extensions. The interest in considering them is twofold: 
first we shall provide a complete characterization of these extensions by analyzing the 
cohomology spaces of the corresponding nilpotent B.R.S. operators. In a perturbative 
framework and for both cases, we exclude the presence of anomalies, a result which was 
only known for the topological BF model J?) Second, for nonvanishing k and I we find 

that the propagators are analytic in these parameters and therefore the model should 

lr The softness of the breaking refers here only to the power counting; indeed the complete classi- 
cal action, including the gauge fixing, of the true topological model possesses an additional vectorial 
supersymmetry || which is definitely broken by the k coupling 
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go smoothly to the topological one which is known to be completely finite. In this case 
we find that the finiteness property does not hold since there are two renormalization 
constants, but the counterterms are still given by a B.R.S. cocycle. 

The difference between these two ways of looking at the same classical problem be- 
comes apparent at the quantum level since the quantum extensions under consideration 
are defined by different symmetries and therefore do not coincide off-shell and in the gauge 
fixing sectors. We have unified notations where possible and have chosen to present each 
approach separetely. Thus the Section "Quantum extension 1" contains the definitions, 
the strategy and the results concerning the softly broken model with A a of dimensionality 
one, while the same arguments for the case with A^ of dimensionality two reported in 
the Section "Quantum extension 2" .The technical aspects of the treatment are collected 
in the Appendices, while comments on both extensions are contained in the conclusive 
Section. 

2 Quantum extension 1 

We start with the classical action 



x 




(7) 



which is invariant (at k = 0) under (|3|) and the gauge transformations 



S^A 



a 




a 



S^B- 



•a 
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The k coupling breaks softly the 5^ symmetry since 




(9) 



This signals the fact that if we gauge fix the transformation in the Landau gauge, 
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we could be able to reabsorb the breaking (|9|) by means of the corresponding Lagrange 
multiplier field, which, being free, allows a complete control of the quantum corrections. 

The gauge fixing of the invariances (|3];|8|) is by now well known |3], [^]; the corresponding 
non-vanishing BRS transformations are 



Q a = _fabc b d c 
T 

scl = (D,d) a + r bc 9 c c1 

sd a = fabc 6 b d c 

sB; u = (D,c u -D u c,r + f abc BlJ c + f abc e, upa (d^ b ^ 

sc a , = 

s6 a = b a 

st = b a 

se a = X a (10) 



The gauge fixing action is given by 



I gf = J d*x \b a d^A ai " - 6 a d^(D p 6) a + b af *d u B a ^ u 

- V((d p ^ - j)5; - d^)K + b;(d»e a ) 
+ {d^)X a - (d»T)( (D p d) a + f abc 6 c cl ) 

+ (d»c a n( (D^y - {d u c,t + r bc B\ v e c ) 

+ \r hc e^ p \d^ v )[d P t)d c +b a d»c a ^j, (11) 
and the external field contribution is 
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+ V a (sd a ) + W(sc«) + ~ f abc s t , vpal a ^ bpa d c j , 
The fact that the s transformation is nilpotent only on-shell, since 



s 2 B a v = _ f a b c F *j 



fiu 



is accounted for, in (J2j), by the bilinear 7" coupling. 

The quantum number assignement for the quantized fields is 







Bfj, v 


e 





b 
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$n 
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and for the external ones is 





7m 




»7 
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The classical action 



^0 + Igf + 4/ 



is G-parity even, $11 neutral and satisfies the softly broken BRS identity 

'5I d SI d 5I cl 5I cl 5I cl 5I cl 5I d 5I d 



! 



d x 



5 jcl §I cl 

r 1 



+ 



+ 



5£ a 59 a 5d a 5rj a 

ia 5I d ^5I d j a 5I d xa 5I cV 
+ b a — + bl— + b a ^ + X a — 

de a 



M a ' "6<™ 5d a 



k J d 4 x8 a d fM A afl 



the local equation of motion symmetries 

r Td x jcl 

T a (x)I d = — + d — = 

5I d 

x Td X Td 



^ (x)/d = W{x) =d ^ {x) (16) 
and the integrated d a ghost equation of motion [[| 



N' 



5b c 



I d = fd 4 x(^f- = -f d 4 xf abc d 
J od a J 

+ r hc J d 4 x {e^lM^ + + V b c + (17) 

The defining symmetries ( 15 ; [L6[|l7j ) are the starting point to analyze the perturbative 
renormalizability of the model; setting 

r = i d + J2 r {n) h n (is) 



71=1 



we have that obeys 

5 L rW = I d 4 x ( ^ 



5TW 5/ d SI cl 5T^ SrW 5I cl 5I d 5T^ 

5^ 5B a ^ u + 5£ a 59 a + <5£ a 59 a + 5d a 5rj a 

5T^5I d 5I d 5T^ <$rW 5I d , n 5Tto ,JT^ 

H + 1 b — = \-b h 

5d a 5r] a 5c* SQw 5c* 8Q a » 59* M 5c* 

6 a ^=- + \ a -c k6 a ^—\ (19) 

5d* fe a ba 



6 



T a (x)r (n 
f a (x)r (n 

fl£(x)r<» 
U a {x)T {n 
U a {x)T {n 
V a (x)T {n 
V a {x)T {n 



o 












(20) 



The linearized operator Sl in (|19|) is not nilpotent due to the k coupling; by direct 
computation we find: 

5 „ .„.. S 



-k [ d 4 x(6 a (^=a + da-r-)) - -kf abc [ d 4 x6 b 6 c 4- 
J K K 56 1 J Sb a 

and therefore on the nilpotency condition reduces to 



(21) 



OT<»> = / d 4 x {d^j- + d^-^T™ = 



The other algebraic relations are 



[Sl 




»] 


= T\x) 


[Sl, 


r; 


»] 


= m*) 


[Sl, 


jja 


»] 


= TJ\x) 


[Sl, 


ya 


»] 


= V\x) 


[Sl,D c 




G a 


jabc 



6 .^5 



5£ c 



''5%' 



f abc J 



1 

— L 

A 



d 4 x(-e^ pa ^ v 



bB h P° Sd c 



(22) 



(23) 
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The analysis of the quantum extension of the symmetries identifing the model be- 
gins with the functional relations fl20[ ) which imply that is independent of the fields 
b a (x), bP(x), e a (x), X a (x), b a (x) and it depends on the external fields 7u>7^>^„ an d the 

—a =a 

antighosts 8 (x), <%(x), d (x) through the linear combinations 



1 

2 ( 



&(x) = W(x)-d/(x) (24) 



while d a (x) appears only as d fl d a (x). Substituting the relations (|20|) into ( |19|) we obtain 
the identity 



s L r^ = [d*x [ 

J \5T, 



51 srw ST™ 51 51 srw 

+ ^ ; ; + 



5A a ^ 5^ 5A a v 5^^5B a ^ u 



srw 5i si srw (jrw si 51 <srw 

+ 67^ 5B a ^ u + 5^ 59 a + 5£ a 56° + 5d a 5r) a 

srw 51 51 <jrw 5T^ 51 \ 

+——— + ^ + —, ^— 25 

5d a 5r] a 5c a u 5£l a v 5c a u 5£l a v J 



where 



T = --J d A x [e^F; v B a pa + kAlA* + -F^F^j 

+ J A ^{{D^ - D v c„) a - r hc B\ v B c ) + T"(D^) a + ^f abc 6 b 6 c 

+ v a f abc e b d c + ^{{D,df + f abc 9%) + X - f abc e, upa ^ v l bpcT d c j (26) 

In Appendix B we discuss the renormalization of the nilpotency condition 

Dr (n) = J d 4 x {d^ a — + d^-^)Y^ n) = (27) 



By restricting the space to functionals obeying ( |2"7| ) we have a nilpotent Sl operator 
and in order to analyze the stability and the absence of anomalies of the model we have 
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to identify the integrated cohomology spaces of Sl in the sectors with $11 charge zero 
and one. 



The integrated cohomology is identified through the descent system 




d^X^ p] )l +3 (x) 
d a (X [fMl/pa] )l +i (x) 







(28) 



where the upper index denotes the dimensionality and the lower one the $11 charge, hence 
we will be interested to the cases p = 0,1. We emphasize that the analysis is not to be 
performed in the space of forms since the classical action does not belong to this space 
due to the presence of the terms J dfa kA^A 11 ^ and J dfhc F a,J,l/ F®. 

The detailed discussion of the local cohomology spaces is performed in Appendix 
C, the results can be summarized by saying that the local functions X (x) of canonical 
dimension < 4, even G-parity, satisfying the constraint (|22| ) and which are cocycles modulo 
coboundaries of Sl are the gauge invariant functions of the sole field 9 a without space-time 
derivatives. 

It is now easy to reconstruct the solution of the descent equations ( p8[ ) since in the 
case p = 0, 1 the X ch (x) terms are absent due to power counting and Lorentz indices 
content; thus we conclude that 



This result , which implies the absence of anomalies, also tells us that all countert- 
erms of the model are BRS variations of local terms. Their number can be computed by 



Xl 1 (x) = S L X\ (x) + d»Xl l 




(29) 



and therefore 




(30) 
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parametrizing the general local functional r^ ^ of dimensions < 4, even G-parity, $11 
charge —1 and obeying 

Sf<°> = o 

f° + S L f (31) 

We find that there are only two nonvanishing parameters in T ; these can be identified 
with the multiplicative renormalization constants of the fields A a {x), 8 a (x). 



3 Quantum Extension 2 



The classical action 



T d = -\j d 4 x[e, vpa B; v (x)F^(x) + A;(x)A^(x)} (32) 



is invariant under the transformations 



5B^(x) = ((D,c„(x)-D v c„(x)y + e(gr bc Fl(x)c c (x)) 
5c a p (x) = (D p c(x)r 

59 = -1 (33) 



i.e. in terms of the operator 



>B.R.S. 



J d A x\i{D,c v {x) - D u c,(x)) a + 9gf abc F b u (x)c c (x))- 



5 



5c a Jx) 



d_ 
86 



(34) 



Remark that without the 9 term the B.R.S. operator is nilpotent only on-shell, so we 
obtain an "open gauge algebra" definition of the model; the introduction of this ghost 
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(as a parameter carrying a negative unit of $11 charge) must be considered as a "trick" 
intended to insure the off-shell extension of the nilpotency condition, while it is required 
not to modify the dynamics described by the classical action [14|; hence 



Sb.r.sX ci = 
dr ci 





89 

$ 2 b.r.s. = (35) 

To gauge fix the invariance ( |3~3"D in the presence of the 9 parameter we introduce the 
jauge functions G\ Lagrange multipliers and antighosts c^,c a 



G a Jx) = (D»B^(x)r + b a Jx) 



5<#x) = Gftx) 



5c a (x) = (£>%(x)) a (36) 



and the gauge fixing action 
T Gauge = J d 4 x(-Gl{x)G a » (x) - c£(x) (D* D v c v (x)) a + c a (x) (D v D u c(x) )°) (37) 



The 5 variation of the Lagrange multiplier is defined as 

5b*(x) = ~{D^c v {x)) a - {D"D^c v {x) - D u D uCfl (x)) a + (9D»F^(x)) a (38) 

which yields 

SG^x) = -(D fX D l 'c„(x)) a (39) 

With this choice we have at the classical level the functional relations 

5V 



6<%{x) 



5G afl (x) 
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5T 



Sb-(x) 



D 



5T 



G a ^{x) 

5 2 b a (x) = (D,D»D u c(x)) a 



(40) 



which imply the nilpotency of the Sb.r.s. operator. In order to transfer this framework at 
the quantum level we should introduce external field couplings for all the B.R.S. variations 
of the fields; it is well known that the procedure also implements the relations (|4Tj| ) and 
allows a complete control of the vertex functional as far as the dependence on the gauge 
fixing fields is concerned. Taking into account this considerable simplification we add only 
the sources needed to discuss the residual symmetry, hence we define 



r c ' + / <Fx 



(41) 



and the linearized, nilpotent B.R.S. operator we consider is 



$B.R., 



d 4 x 
5T° 



5T C 



+ 



5T Q 



S 



^anv (a;) §B a (x) 5B a (x) 8^ v (x) 



S 



+ 



8( au (x) 6c°(x) 6d£(x) 5( au (x) 
If we factorize the 9 dependent part, we can write it as: 





Sb.r.s. = $o + Q8\ 



06 



d_ 
d0 



(42) 



(43) 



and the nilpotency condition gives the algebraic rules 



5 l = 51 



5x8 = <5 5i 



(44) 



Our purpose will be to extend to the quantum level the symmetry described by 



according to the Q.A.P. [ I L| for an arbitrary choice of the effective Lagrangian, the ob- 
struction in minimal order is given by: 



5T = A 



(45) 
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where A is a local functional decomposed into its external fields and 9 dependent part as: 



A = J d A x A (x)+9A 1 (x) 

+ J d 4 x[ 7 ^(x)(e^ (x) + ee; ul (x)) + r(x)(^ pQ (x) 



(46) 



The renormalization program will be completed if the obstruction A in can be 
compensated by means of local counterterms to be introduced in the effective Lagrangian. 
Recall that the definition of the classical model allows 9 dependent countertems only in 
that part of the action which contains external fields, for this reason we decompose: 



= L% f + ^(x)(e^ (x) + ee^x)) + c ap (x)i> a p0 (x) 



(47) 



and as subsidiary condition, we impose: 

89 



(48) 



The power counting, Gparity and $n Charge conservations control the quantum num- 
bers of the anomaly A and yield contraints to the renormalization procedure; for this rea- 
son we shall summarize in the following table all the global properties of the constituent 
fields of the model: 
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Fields and parameters 


Dimension 


$11 Charge 


Gparity 


£ 


-1 







B l (x) 


1 







A % (x) 


2 





+ 


D ij (x) 


1 


o 


+ 


F % (x) 


3 


o 


+ 

1 


C H (x) 


1 


1 




CHx) 


1 


2 




c 1 ( x) 


1 


-1 




V / 


1 


-2 




b'Ux) 


2 





_ 


9 


-1 


-1 


+ 




2 


-1 


- 




2 


-2 


- 




2 


1 


_ 




3 


2 




pO 


2 


2 




A (x) 


5 


1 


+ 


Ai(a;) 


6 


2 


+ 




3 


2 






4 


3 






3 


3 






4 


4 





Now the external fields anomalies are absent since we shall see that the consistency 
(cocycle) condition indeed coincides with compensability (cobordism) so this part of the 
cohomology will be empty from the very definition. 

In fact the cocycle condition: 

5 B . R .sA = (49) 

requires: 

¥ pl (x) = S ^%(x) 

©U(z) = <*o©U*)) ( 5 °) 



On the other hand the compensability condition 

A = cW A (51) 
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written in terms of the quantities denned in (37) imposes 

^ (x) = 5 ^(x) 
©^o(^) = ^e^^-e^^) 
e^i(^) = s&^x) - 5 e; ul (x) (52) 

It is straightforward to check, eliminating the hatted fields in (|5^) by means of the 
relations (|44|), that we reconstruct the cocycle conditions: therefore this cohomology 
subspace is empty. 

We consider now the external field independent part of the anomaly which is analyzed 
according to the 9 dependence as 

J d 4 xA 1 (x) = SxT 

J d 4 xA (x) = 5 T (53) 
The cocycle (consistency) condition implies: 



J d A xA\(x) = Sq J d 4 xAo(x) 
5 J d^xA^x) = <5i / ' d 4 xA Q (x) 

Decomposing the anomalies according to their $.11. charge content we obtain: 
/d*xAi(x) = /d 4 x[ C a (x)A lja (x)+^ C «(x)a Am m ct(x)A^ Mm (x) 



d 4 xA (x) 



d x 



c a Jx)AUx) 



(54) 



(55) 



where Aq j(1 (x), A 1)tt (x) and A^ u abXm (x) are $.n. neutral. 
The first cocycle condition(|51D furthermore gives: 



/ d 4 x 



c\x)A l , a {x) + c^d^ct^A^ 



X 



d x 



rn 

l' A/* 



c a (x) iD^A^x) )+c«(x)5 AUx 



(56) 
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and consequently the relations: 

Ai, a (x) = -(^A^(x)) E -l m k m A?; Mm (x) - (/. - ^ j)) 
v / m \ / 

= d 'j4mI^ Uv) -s^ d "s4m^-' {x) (57) 

and the c a (x) content of Ai ja (x) disappears if and only if ^D^Aq^x)^ = 0. 

This step allows us to considerably simplify our treatment in terms of local quantities; 
indeed the model is defined in a vector space whose entities are the monomials of local 
constituent fields and their space-time derivatives considered as independent. 

It is useful to introduce in this space a new coordinate system, for the uncharged 
$.11. sector, such that each function of the fields and their space-time derivatives is 
reparametrized in a different way. If we grade this space in terms of ordinary space-time 
derivatives, it is a trivial observation that a monomial containing a space-time derivative 
of order n can be written in terms of one containing covariant derivatives of the same 
order plus terms of lower order in the covariant derivatives . 

In this naive decomposition we have to take into account that while in each monomial 
written in terms of the ordinary space-time derivatives , the derivatives tensorial content 
is by construction completely symmetrized, this is not so for the same quantities written 
in terms of covariant derivatives. Thus, to implement this symmetrization, we are com- 
pelled to introduce the curvature tensor gFj{ u (x) and in general the symmetrized covariant 
derivatives of gFj{ u (x)) as independent fields . 

This implies a one-to-one map between the space of monomials of ordinary space-time 
derivatives of fields and that given by symmetrized covariant derivatives (which we shall 
denote by {D a } n ) of the same fields plus symmetrized covariant derivatives of gFj{ u (x), 
considered as independent fields. 

This notation has the further advantage : the coupling costant g (which has a negative 
dimension and so its presence may cause problems with a lower limit in the power counting 
analysis) is contained explicitely at the classical level in the covariant derivatives and in 
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the curvature tensor gF^ v (x); in the new basis the coupling constant will disappear from 
the B.R.S. operator, while in the action it is present at the tree level as an inverse power 
- (which has positive power counting dimension). 



In this framework, defining 



L a (x) = f abc E{D«}ngF^(x)^—^- 



B c 



(58) 



the Q.A.P. gives for Ai )0 (a;) 



L a (x)T = A lta (x) 



(59) 



and Ai j0 (x) has dimension 5 and odd Gparity 



Defining: 
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we compute the commutators: 

L a (x),L<*(x)] = £{Ajn<^ 

L -I — n 



X 



^ J {D a } n gF^{x) 
S 

{D a } n B^(x) = 



(60) 



(N gF - N B ) = S(x) 



L a (x),S{x) 



-2L a (x) 



(61) 



The above relations yield the identitis: 



L a (x),S(x) 



r = 



(N gF -N B - 2)A 1>a (x) 



-2L a (x)T 
L a {x)S{x)T 



(62) 



and each monomial A l a (x) such that 



(N gF — N B — 2)A ha (x) ± 



(63) 



clearly admits a counterterm compensation. 
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After this step we are left with the possible breakings satisfying 

(N gF -N B -2)A 1>a (x) =0 (64) 

which can be parametrized as 

A lifl (x) = A abc0 S^ x D x F b ^(x)F c pa (x) + -KiciS^gF^gF^x) (65) 

where A a b c0 ,A a b c i,S ^ upi jx and S^pa are dimensionless group and Lorentz invariant ten- 
sors respectively. 

Now Spvpax vanishes since no dimensionless Lorentz invariant tensor with odd indices 
exists in four dimensions, and the odd Gparity requirement forces S pupa = e M ^ pcr A abc = d abc 
where d abc is the symmetric group invariant tensor, so we are left with: 

1 

— ( 
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Ai,a( x ) = o.i-d abc e, ]a/p(7 gF^ / (x)gF^ r (x) (66) 



Finally the expression in fl6"6| ) does not satisfy the consistency condition fl57p since: 

1 



A lta (ar) = a x Dl 



d a bcfbfe£nvpoD'l e gF p z a (x) 



fid 



and therefore the coefficient a\ must vanish. 

By ([5j]), the vanishing of A l a implies for Ao a the constraints 

(^A(M) = dMx) - gr bc A^ ob (x) = (68) 

and: 

L a (x)At; b (x) = (69) 
which have to be verified for Aq 6 (:c) of dimension 4 and even Gparity. 

This last equation admits the solution: 
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, A p ob (x) = {D a } n gF* v (x)X p (A,gF)- + {D a } n e^ gF c Xr] (x)X p (A, gF) + (70) 
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where X P (A, gF) + X P (A, gF)~ are arbitrary analytic functions of (A,gF) of even(+) 
or odd(— ) G-parity. Dimensional analysis points to n = as the only possibility , but 
in this case the X p functions have dimension one, which is not satisfiable with their field 
content. 

This argument excludes the anomalies: 



b.Xn 



(71) 



and we remain with the case when Aq 6 (x), considered as formal power series in 1/g, is 
independent and depends only on the A a , gF^ v (x) fields and their covariant derivatives. 
Dimensional analysis, G-parity and Lorentz index content easily imply that it is impossile 
to construct a Aq 6 (x) which obeys fl68|), therefore no anomaly can occur in this model. 



4 Conclusions 



We have completely characterized the antisymmetric tensor field models in the two regimes; 
in particular for the "Quantum extension 1" we have proved that the integrated cohomol- 
ogy space of the corresponding B.R.S. operator is empty both in the neutral $11 sector 
and in the anomaly sector. The first property, characteristic of the topological theories, 
here is not sufficient to insure finiteness due to the lack of the vectorial supersymmetry 
and instead we find that there are two renormalization constants. 

Concerning the "Quantum extension 2" where the analysis performed by means of 
the 9 parameter offers an alternative to the better known "higher powers in the external 
fields' technique, we also find that there are no anomalies, thus clarifying the possibility 
of maintaining to all perturbative orders the a model interpretation . 
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5 Appendix A 



We report here the propagators of the gauge fields since they differ, due to the presence 
of the / dhc F a ^ u F^ u) from the usual case: selecting the bilinear part of the classical action 
([HI) and considering only the terms involving the fields A a {p), B^p), b a (p), b^(p), e a (p) 
we have to compute the inverse of the matrix,with rows and columns ordered accordingly, 



/-(lp 2 + fc)^ + Ip^Pv 



^p'a'r'uP 






l&pOTIlP ^Pp 





~\ (Sp\Pa - $a\Pp) 





o \ 





\(lp 2 + k)8\ X > + {pxP\' -ipx 
ipx> / 

(72) 



The inverse is given by 
/ 

i - „r' {lp 2 +k) 

2 p 2 t p'u'T'v'P 4p 2 



^Pu' 






2 p 2 tparpP 

(5 pp >5 aa ' — S pa >5 ap ') 




-ph($pxPa - 5 aX p P ) 



^{Sp'X'Pa' - $a>X>Pp> 

\ o 





pipy 



\ 






-pPx 
Jl. I 

4p 2 / 



(73) 



From the above we obtain the U.V. dimensions of the gauge fields reported in text as the 
canonical dimensions and the I.R. dimensions 







B^ 


b 


K 


e 


I.R.dim 


2 


1 


1 


2 


1 



It is also clear that the propagators in (|7q) are analytic in the k parameter 



6 Appendix B 



We briefly consider the renormalization of the nilpotency condition 



8% 
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(74) 



via the Q.A.P at the first non-trivial order we have 

DT {n) = X {n) + 0(h {n+1) ) (75) 

where is a local functional of canonical dimension < 2, carrying two units of $11 
charge and respecting the constraints (P0|). Accordingly it can be parametrized as 

X (n) = J d A x (^L a[bc] d fl A a »6 b 6 c + R a ^A a ^9 b d„e^j (76) 

and the square (round) brackets denote symmetrization (antisymmetrization). We easily 
find that 

X {n) = DX {n) (77) 

with 

X {n) = J d 4 x ^L a[bc] C0 b c + R aibc) A a »9 b TJ (78) 
which amounts to the compensability condition of the breaking X^ n \ 

7 Appendix C 

In order to identify the local cohomology of the Si operator we filter with the counting 
operator IfLlfl 

N = I' d 4 x (a^-^— + 7 ""— — + 9 a 4r + V a J~ + ) (79) 

J y §A a ^ S^yw 56 a 5r] a 5f]w J K ' 

and accordingly we have 

S L = + SM + S (2) + s® (80) 



which obey 



(5(°)) 2 = 
{5(o) j5 (i)} = _ kD 
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{S^,S^} + (S^) 2 = 

{S^,S^} + {S^,S^} = 

(SW) 2 + {SW,SW} = 

{5(2), 5(3)} = o 

(S^) 2 = 



(81) 



and is explicitely given by 

- 2a ^4 +a " r "^" a ""°"^ +a " < '°4) (82) 

When operating on functions, can be rewritten as an ordinary differential operator; 
setting 



A+a _ 
A p,,v ~ 


\{d»Al + d v AD 


A-a 
A W — 


\(d,Al-d v AD 


r .+a 


l -{d»c a v + d v cl) 


c~ a = 


\{d,cl-d v cl) 


r>— a 
p,v,p ~ 


^(d^ + d^ + d^) 


B +a = 


\(2d p B; u -d,B a up -d v B a m 



(83) 



and denoting the space-time partial derivatives of the fields with an index after a comma, 
we have 

3d B 

5(0) _ Qa,p |_ ga,p,v |_ Qa,p,up 



Qj\ap QA+ap,,v QA+ap,,vp 

1 P ( U~aup,a 1 T3-avp,<TT ° \ 

+ Znvpo\n d ^ap +n Q^,r> 

C\ C\ r\ 

_|_ j(c~ afl ' u + c~ a ^' up h c ~ a ^^P a ) 

dB a ^ u dB +a>iU 'P QB +afJiU > pcr 

d d d 

_ <2F pUpa ( A~ a ———— 4- A~ a I A-a ) 

\-™-p,a Q-apv ^ P,°t Q~apv,T ^ ^P,tt\ Q~ a p,v,T\ > 
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d - d d d 

O r\ o r\ 

+ Od^^ + d^ — + — +d a„ , 84 n 

,g c a/i g c +ati,v Q c +afi,up Q c +ap,upcr v y 



In the above expression all indices after the comma are completely simmetrized and we 
have taken into account that S^> acts on functions of canonical dimension < 4. In this 
space we can define as 

f) f) f) 

g(0)t _ ^afi _ _|_ A+aW _|_ J^+ap,,vp 



QQa,p QQa,pu QQa,pup 

d d 

T =-p,vpa\l Qg-avp,<T T ' Q£>-aup,aT> 

o o o 

_i_ /U-QWv _i_ fi+W,P I g+ap.v,p<J ° \ 

^ Q^—ap,,!/ Q^—ap,up Q^—ap,upa ' 

f) 



apu,T , 



r\ r\ r\ r\ 

_|_ c a^ | c +aM,^ | c +a^,vp | c +ap,vp<y _ 

Q^a,p, dd a ^ v dd a ^ vp Qd^pupcr V ' 

Now the local cohomology of 5^ is identified by X c/l (x), solution of 

{5W,5^ t }X ch (a;) = (86) 

By direct computation {S^°\S^} is an operator which counts all fields except 9 a , d a 
without space time derivatives; therefore we find 

X ch {x) = X ch (9 a (x),d a (x)) (87) 

The above result must be further restricted by the condition 

N a X ch (x) = (88) 

since all other constraints are already satisfied; this yields 

X ch {x) = X ch {9 a {x)) (89) 
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Let us now return to the local cohomology of Sl] setting 

X(x) = x(n) (9°) 



n=l 



we obtain for X^ n ' the recurrence 

S (0) I (n) (x) + S^X^Xx) + S {2) X {n - 2 \x) + S^X {n - z \x) = (91) 



The solution of (PTF) is easily found if we observe that 



s (l) x ch (x) = -f abc e b e c ^-x ch (x) 

v i 2 J d6 a y ' 

S {2) X ch (x) = 

S^X ch (x) = (92) 



and take into account the relations (^).Let us analyze the first few terms; for n = 1 we 
have 

S^X^(x) = (93) 

with solution 

X® (x) = S (0) X (1) (x) + X ch ^ (9) (94) 

which substituted into the next (n = 2) relation gives 

S^(X^(x) - S^X^(x)) + S^X ch ^(x) = (95) 

Now the last term on the l.h.s. of the above equation still belongs to the cohomology of 
and therefore it must separetely vanish, leading to the solution 

X^{x) = S^X^Xx) + S^X^{x) + x ch(2 Xe) 
\fabc e b e cd xch{l) = 

The procedure iterates and we find 

S(°XX^ n+3 Xx) - S^X^ n+2 Xx) - S^X^ n+1 \x) - S^X^(x)) = 
S {1) X ch{n+2 Xx) = (97) 
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which is the result given in the text. 



Furthermore the general local functional T of dimensions < 4, even G-parity, $11 



charge —1 and obeying 



gf(0) 











(98) 



can be parametrized as: 



f(o) 



/ 



d 4 x cutt^cl + a 2 n a »d fl d a + a^ vpa % v Ba 



pa 



and from (|98|) we find a\ = (12 = 03 = 07 = as = 0. The remaining three parameters are 
not independent since we still have to consider T modulo terms of the type SlT which 
do not contribute to the counterterms. Now 



and we finally obtain that there are only two nonvanishing parameters, for instance 

O4, &5 ■ 
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